















Published for SISSA by Springer
Received: November 30, 2020
Revised: February 26, 2021
Accepted: April 1, 2021
Published: May 3, 2021
Torus bundles, automorphisms and T-duality
H. Mahmood and R.A. Reid-Edwards
Department of Applied Mathematics and Theoretical Physics, University of Cambridge,
Wilberforce Road, Cambridge, CB3 0WA, U.K.
E-mail: hm516@cam.ac.uk, r.a.reid-edwards@damtp.cam.ac.uk
Abstract: We reconsider some older constructions of T-duality, based on automorphisms
of the worldsheet operator algebra, in a modern context. It has been long known that
at special points in the moduli space of torus compactifications, the target space gauge
symmetry may be enhanced. Away from such points the symmetry is broken and T-duality
may be understood as a residual discrete gauge symmetry that survives this breaking.
Drawing on work on connections over the space of string backgrounds, we discuss how to
generalise this framework for T-duality to geometric and non-geometric backgrounds that
are not full solutions of string theory, but may play an important role in exact backgrounds.
Along the way we find an interesting algebraic structure and discuss its relationship with
doubled geometry. We comment on non-isometric T-duality in this context.
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1 Introduction
The most useful way of proving that two apparently different theories are really just dif-
ferent T-dual descriptions of the same theory is the isometry gauging procedure originally
introduced by Buscher in [1] and further refined in [2, 3]. The validity of the Buscher
procedure rests on the existence of a compact abelian isometry of the target space which
can be used to generate a rigid symmetry of the worldsheet theory. This symmetry can
then be gauged in the sigma model and the gauge fields then integrated out to give a dual
description of the gauged theory. If one can then show that the gauged theory is equiva-
lent to the ungauged theory, then one has a pair of worldsheet theories that describe the
same physics. There are many cases where the required symmetry of the target space does
not exist (or may exist only locally), but there is still evidence that a dual description of
the theory exists and there is a sense that the relationship between these two descriptions
should still be thought of as a form of T-duality. Examples include the SYZ description of
Mirror Symmetry [4] that involves torus bundles where the fibres can degenerate, as well
as T-folds [5], whose non-geometric nature can be traced to an obstruction to extending a
local circle isometry globally in the geometric dual [6].
Progress has been made in casting the Buscher construction in more general (and ex-
otic) settings [7], but we always fall back to the same restrictions when attempting to prove
the duality rigorously, at the level of the worldsheet theory. This stands in contrast to the
remarkable progress that has taken place in incorporating duality symmetries directly into
supergravity-inspired field theory constructions.1 In this paper, instead of attempting to
generalise the Buscher construction, we revisit the perspective of T-duality as an automor-
phism of the operator algebra. Using ideas discussed in [9] and with a view of moving
beyond the isometric torus bundle paradigm, whilst remaining within the context of a
symmetry that is recognisable as T-duality, we reconsider this operator algebra approach
in a contemporary context. We will not settle the issue of non-isometric T-duality in this

















paper, but we hope that the constructions presented and the observations made will help to
indicate a possible alternative approach, one which we feel has not yet been fully explored.
1.1 Symmetries and automorphisms
The starting point is the key observation of [10] that T-duality on a circle may be under-
stood as a residual discrete symmetry that endures after the breaking of a larger enhanced
gauge symmetry. The larger symmetry is only manifest for special backgrounds and it is
in this sense that T-duality should be thought of as a gauge symmetry of the target space.
Such gauge symmetries manifest themselves as automorphisms of the operator algebra of
the worldsheet theory. Given a conserved charge Q, we can use it to act with the operator
algebra of a string theory as an (inner) automorphism
A → eiQAe−iQ, (1.1)
where A is an operator in the worldsheet theory. Now, any transformation of this kind will
be a symmetry, but those transformations that map a recognisable theory to an apparently
different theory of the same kind will be of particular interest. For example, if the operator
A is the stress tensor of a string theory and Q is such that the automorphism maps it to
a stress tensor of an apparently different string theory, then the symmetry can be thought
of as a string-string duality. The particular case where Q generates a T-duality will be the
subject of this paper.
The automorphism (1.1) is a symmetry of the theory and so any infinitesimal defor-
mation of the form
δA = i[Q,A] (1.2)
gives a symmetry of the theory. This can be contrasted with general transformations,
generated by vertex operators, that correspond to genuine physical deformations of the
theory. This description of gauge symmetry, explored in [11], is elegantly encoded in
the BRST framework of String Field Theory, wherein symmetries of the target space are
generated by BRST transformations of the string field2
δ|Ψ〉 = QB|Λ〉+ . . . , (1.3)
where + . . . denotes non-linear terms. Obvious candidates for such conserved charges are
those of the form
Q =
∮ dz
2πi Λ J(z), (1.4)
where J(z) is a weight (1, 0) holomorphic worldsheet current, or the obvious anti-
holomorphic counterpart, or combinations of both. Examples include B-field transforma-
tions and diffeomorphisms of the target space, where the appropriate conserved currents
are J = ξi∂X i(z)+ζi∂̄X i(z̄). Questions of conservation (commutation with the worldsheet
Hamiltonian) and the fact that the natural symmetries from the target space perspective
can be simply understood in terms of the combinations XiR(z̄)±XiL(z), rather than XiR(z̄)

















and XiL(z) separately, indicate that the most natural language in which to discuss these
symmetries is the canonical one in which the worldsheet has a Lorentzian metric.
As discussed above, at special points in the moduli space of string backgrounds we
see an enhancement of the target space symmetry as additional states become massless
and form multiplets of non-abelian gauge symmetries. The classic example of this in the
closed string sector is the Halpern-Frenkel-Kac-Segal (HFKS) mechanism [13–15] in which
the d commuting currents H i = i∂X iL(z), where i = 1, . . . d, are joined by the currents
E±α =: e±iαiX
i
L(z) :, which are weight (1, 0) at this enhancement point in the moduli space.
The αi are the root vectors of the enhanced group, which has rank d. One perspective on
this [16] is that the enhanced symmetry is a gauge symmetry of the background independent
theory that is generically broken by a choice of background.
1.2 T-duality as a gauge symmetry
An example of such HFKS enhancement is when the target space includes a circle at the
self-dual radius R =
√
α′, i.e. d = 1, and the U(1)L × U(1)R symmetry generated by the
currents ∂X ± ∂̄X is enhanced to SU(2)L × SU(2)R — one copy of SU(2) each for the
chiral and anti-chiral sectors. The currents ∂X, e±i2XL/
√
α′ generate SU(2)L, with similar
right-moving currents generating the SU(2)R. It was shown in [10] that away from the
self-dual radius, the gauge symmetry breaks to the Cartan U(1) × U(1) with a residual
discrete Z2 gauge symmetry which could be identified with T-Duality in the circle. Ref. [9]
showed that the charge responsible for the action of the Z2 ⊂ SU(2)L,
Q = 12
∮
dσ sin (2XL(σ)) , (1.5)
could still be used to generate the T-duality transformation away from the self-dual radius,
even though the current sin(2XL(σ)) is generally not conserved.3 The key was to write
the fields of the theory at radius R in terms of the fields defined at the self-dual radius.
This then ensured that the action of the charge Q could be computed on fields defined
away from the self-dual radius. Thus the effect of an automorphism, by this charge, on
the operator algebra of the theory at generic radius could be computed. It was shown
in [9] that this procedure correctly reproduces the Buscher rules. The extension of this
framework to the larger O(d, d;Z) symmetry group was discussed in [17] and demonstrated




the current is not of weight (1, 0) and this charge will not be conserved for general values
of Λ. Surprisingly, the automorphism still makes sense away from the self-dual radius if
Λ = 12 . We shall discuss why this is the case in section 2.
The main result of [9] stems from the fact that, at the self-dual radius,
eiQ∂X(σ)e−iQ = −∂X(σ), eiQ∂̄X(σ)e−iQ = ∂̄X(σ). (1.7)
3We use conventions where the coordinates are dimensionless, so the charge looks different to that


















Away from the self-dual radius, the transformation is more complicated. If one knows how
to write the fields of the theory at a particular background, e.g. at R =
√
α′, in terms
of the Hilbert space of another background, then (1.7) can be used to deduce the duality
transformations. We can define a basis for the operators at a given point. Most of our
considerations will involve the operators constructed from combinations of ∂X and ∂̄X.
The natural way to do this is to define a connection on the space of backgrounds and then
to parallel transport, with respect to that connection, the basis of states or operators at
a point of enhanced symmetry to the background of interest. This may sound like a tall
order, but some progress has been made on this general issue [16, 19–22] and, as we shall
see later, this issue simplifies greatly in a certain class of backgrounds.
1.3 Outline
The outline of this paper is as follows: in section 2 we review the algebraic approach to T-
duality pioneered in [10] and then further developed in [9]. We discuss the role of universal
coordinates [16], objects that may have a natural meaning at all points on the space of
torus bundle backgrounds, and show that they are the natural framework for an algebraic
notion of T-duality for general torus bundles as an (inner) automorphism of the operator
algebra. We take the opportunity to further develop and to clarify various issues that may
not have been fully appreciated previously or that we could not find discussion of in the
literature. We also take this as an opportunity to highlight work in the older literature
that we feel may be relevant to contemporary discussions, but may have been overlooked.
In section 3 we outline a more general framework, in which a connection is used to
transport the Hilbert space from a point of symmetry enhancement to a particular back-
ground of interest. Using work pioneered in [20, 21] on the connection on the space of CFTs,
we outline a framework for generalising the operator algebra automorphism of T-duality
to more general backgrounds. We feel this framework has the potential to cover a much
larger class of torus bundle backgrounds than the conventional Buscher procedure, possi-
bly including cases where fibres degenerate; however, our limited knowledge of the space
of string backgrounds makes this framework practical in only select cases. We stress that
the framework is applicable to sigma models, not just CFTs, thus making the framework
applicable to toy models, not just string backgrounds with a bona fide CFT.
In section 4 we apply this framework in the familiar context of torus bundles over
circles with monodromy and show how the conventional nilfold, torus with H-flux and T-
fold sigma models [6, 23] appear in this framework. We also briefly discuss the applicability
of this algebraic (as opposed to isometric) formalism in contexts where there is no isometry,
even locally. Although we do not provide a definitive framework for non-isometric T-duality,
we conclude that the examples considered here suggest this formalism has the potential for
wider application than the Buscher construction. We also find algebraic structures familiar
from doubled geometry [6, 24, 25] arising in this context. Introducing the operators on
the torus fibre ΠI(σ) := (2πPi(σ), X ′i(σ)), which transform as vectors under O(d, d), we
consider related fields AM (σ) = UMI(X)ΠI(σ). In the case where the background is a T d−1
bundle over S1 with monodromy eN ∈ O(d− 1, d− 1), U acts on the fibres as e−Nx, whilst


















[AI(σ),AJ(σ′)] = 2πiLIJδ′(σ − σ′)− 2πitIJKAK(σ′)δ(σ − σ′), (1.9)
which is reminiscent of that found in (parallelizable) flux compactifications in supergrav-
ity [26] and in doubled geometry [6, 24]. The algebra (1.9) appears in [27] many years
before doubled geometry was introduced and similar structures have also been studied in
related contexts [28, 29]. In section 5 we compare this algebra to that found in the doubled
formalism and see that, remarkably, the full doubled algebra emerges from the torus bun-
dle construction directly from a statement of the monodromy of the fibration. This is in
contrast to the conventional doubled geometry constructions, where the doubled Lie group
generally requires explicit dependence on all doubled coordinates to describe the doubled
algebra. In section 6 we briefly consider generalisations of the doubled algebra found in
the torus bundle case; firstly, from torus bundles to more general parallelisable spaces, and
then to a local construction that may have applicability to a wider class of target spaces,
both geometric and non-geometric. We follow this rather speculative section with a brief
discussion of future directions in section 7.
2 An algebraic approach to T-duality
Most work on T-duality has focused on the Buscher construction, which gives central
importance to the existence of compact abelian isometries [1]. The observation of [10], that
T-duality may be thought of as a residual discrete gauge symmetry, provides a framework
in which to think about T-duality without reference to isometries of the target space.
In this section we review the approach to realising T-duality as a Z2 automorphism
of the operator algebra of the worldsheet theory. For illustrative purposes we focus on the
simplest case where the target space is a circle at the self-dual radius R =
√
α′. In this
special case, the Z2 is a discrete subgroup of the larger SU(2)L×SU(2)R automorphism that
appears at the self-dual radius. We shall discuss more general cases in the following section.
2.1 Universal coordinates
We start with the action for a string theory on a torus












where we have absorbed all of the α′ and physical length scales, such as the radius of the
circles of the tori, into the metric and B-field. The embedding fields Xi on the circles are
all dimensionless and obey the standardised periodicity relations X ∼ X+ 2π and we shall
take the worldsheet metric to be the Minkowski metric up to Weyl rescaling. The general
4The notation we adopt is
δ′(σ − σ′) := ddσ δ(σ − σ
′) = − ddσ′ δ(σ − σ

















mode expansion on the cylinder is












and the conjugate momentum Pi = 12π (gijẊ
j +BijX ′j) has the mode expansion












where Eij = gij +Bij is the background field tensor. At fixed τ (which we can take to be
τ = 0) these fields obey the equal time commutation relations
[Xi(σ),Πj(σ′)] = 2πiδ(σ − σ′)δij . (2.4)
We take this relationship and the fields Xi(σ) and Πi(σ) to be background independent,
i.e. objects that we can compare across different backgrounds.5 This idea is an old one
and is discussed for example in [16], where Xi(σ) and Πi(σ) are described as universal
coordinates. For now, we shall restrict attention to trivial torus bundles with constant
B-field. The space of such backgrounds is given by the orbifold
Md = O(d, d;Z)\O(d, d)/O(d)×O(d), (2.5)
where d is the dimension of the torus and the data Eij , modulo symmetries, specifies a
point on Md. The requirement that Xi(σ) and Πi(σ) remain the same as we change the
background Eij means that the oscillator modes must be background dependent. Identi-






















where αin(E), ᾱin(E) are the oscillator modes of the string embedding into the background
specified by Eij . The momenta and winding pi and ωi do not change (they are defined as
radius independent in our conventions). We can see that the αi0 and ᾱi0 transform in line


















5We are really only requiring that these fields are universal in a local region of the space of backgrounds
that we are interested in.
6This quantisation at τ = 0 is related to a quantisation at generic τ by the usual relations αn(τ) =
e−iτL0αn(0)eiτL0 = e−inταn(0), where the second equality follows from standard commutation relations.
We notice that X(σ, 0)→ X(σ, τ) if we also change x→ xi + τgij(pj −Bjkwk) ≡ xi(τ), which has a clear
interpretation as a translation arising from a unitary time evolution, i.e. Xi(σ, τ) takes the same algebraic
form as Xi(σ), but with the replacements of xi(τ) and αin(τ) for xi and αin. Thus, universal coordinates
defined for generic fixed τ have the same algebraic form as the τ = 0 case, so the notion of a universal




























Πi(σ) + ETijX ′j(σ)
)
, (2.9)






dσ ∂X i(σ, τ) e−inσ. (2.10)





























where x̃ is the zero mode of the T-dual coordinate −XL +XR.
This notion of universal coordinates is useful in understanding how the Z2 ∈ SU(2)×
SU(2) gauge symmetry at the self-dual radius generalises to other backgrounds.
2.2 The T-duality charge
We shall look for a charge Q that generates an automorphism A → eiQAe−iQ which has the
required Z2 effect:7 eiQ∂Xie−iQ = −∂Xi and eiQ∂̄Xie−iQ = ∂̄Xi. The fields XL(σ) and
XR(σ) do not have to produce a nice operator algebra independently, but the combinations
XR(σ)±XL(σ) do. The Z2 automorphism simply exchanges these two linear combinations,
giving a sigma model description in both cases.




which we note is invariant under the periodicity XL → XL+π. The action of QΛ on ∂X(σ)
may be written as
eiQΛ∂X(σ)e−iQΛ = ∂X(σ) + i[QΛ, ∂X(σ)] +
i2
2! [QΛ, [QΛ, ∂X(σ)]] + . . . , (2.14)
with the ellipsis denoting nested commutators at higher order in Λ. Since we are in one
dimension and at the self-dual radius, we don’t need to worry about indices being raised
or lowered (we take the relevant component of the metric to be normalised to unity).
7Note that we could equivalently choose the duality to act as ∂̄X → −∂̄X and leave ∂X invariant. This


















Computing the leading contributions gives:8











L(σ′) + . . . , X ′L(σ)
]
= −2πΛi sin(2XL(σ)), (2.16)
and





dσ′ δ(σ − σ′)∂X(σ′)
= (2πΛ)2∂X(σ). (2.17)
It is clear that the next term [QΛ, [QΛ, [QΛ, ∂X(σ)]]] is proportional to sin(2XL(σ)). Con-
tinuing in this fashion, we see that successive nested commutators will alternately give
terms proportional to sin(2XL) and ∂X with coefficients that are straightforward to deter-




















In our conventions, the choice Λ = 1/2 gives the required transformation and so if we define
Q ≡ Q1/2, we have
eiQ∂X(σ)e−iQ = −∂X(σ). (2.19)
Thus, Q is a suitable T-duality charge. Of course, at the self-dual radius, any choice of Λ
generates a symmetry of the theory as QΛ is built from a (1, 0) current. What is interesting
is that, even away from the self-dual radius, the charge Q defined above still gives a




We get exactly the same transformation either way. We shall discuss the relationships






















2.3 Automorphisms away from the self-dual radius
Given that the Z2 duality described above is, at the self-dual radius, a subgroup of an exact
gauge symmetry group of the target space theory, it is hardly surprising that the duality is
a symmetry of the theory. What is more surprising is that the Z2 continues to hold as an
exact symmetry of the theory for any radius. In this section we review the arguments that
lead to this conclusion, but from the algebraic perspective rather than the usual Buscher
construction.
Throughout this paper, the background E = G will refer to metric G = 1 and B-field
B = 0, i.e. the background at which we have an enhanced SU(2) gauge symmetry. From
the derivatives (2.9), we have




We can relate ∂Xi(E) and ∂̄Xi(E) at different backgrounds using their expressions in terms
of the background independent fields given above. Rearranging to get


























(−ETij + E′Tij )∂Xk(E′) + (ETij + E′ij)∂̄Xk(E′)
)
. (2.24)
These expressions allow us to determine how composite operators defined in terms of
∂Xi(E′) and ∂̄Xi(E′) transform under the automorphism generated by charge Q if we




(g +G)∂X + (G− g)∂̄X
)
, (2.25)




− (g +G)∂X + (G− g)∂̄X
)
. (2.26)
More generally, if we know how an operator F(E) defined at a background E transforms
under T-duality, then, if we know the relationship between F(E′) and F(E), we can use
the definition of the charge Q in the background E to determine how the symmetry acts
on F defined at the background E′. For example, the chiral stress tensor
T (σ) = gij∂Xi(E)∂Xj(E) (2.27)
is clearly invariant at the self-dual radius, but transforms in a more complicated manner
at other points of Md. It was shown in [9] that the charge of the kind (2.13) maps a stress
tensor to a stress tensor, for generic radius, only for the value of the parameter Λ = 1/2
(in our conventions). Thus, for this value of the parameter, the automorphism is not only
a symmetry of the conformal field theory, but relates one stress tensor to an apparently

















2.4 Symplectomorphisms and charge conservation
All automorphisms of the operator algebra are symmetries of the theory, but those that
preserve the Hamiltonian play a special role. As such, we would like to know under what
conditions the charge Q(Λ) = eiΛh is conserved. This is important as, if the notion of
universal coordinates and canonical commutation relations9 is to survive the automorphism,
it must make sense at each fixed value of τ . The time evolution of Q(Λ) is given by the
Hamiltonian
Qτ (Λ) = e−iHτQ0(Λ)eiHτ , (2.28)
or eiQτ = e−iHτeiQ0eiHτ . For the charge to be conserved, we require Qτ (Λ) = Q0(Λ), i.e.
eiΛh = e−iHτeiΛheiHτ . (2.29)
We can rewrite this as
eiHτ = e−iΛheiHτeiΛh, (2.30)
which says that the automorphism preserves the Hamiltonian. This can happen in two
ways. The most obvious way is if [H,h] = 0, i.e. the functional h is constant in time. This




where J(σ) is a weight (1, 0) or (0, 1) current. In that case, [H,J(σ)] = 0 and the current
is conserved. This is the case when J(σ) generates a continuous symmetry of the theory,
such as B-field gauge transformations, spacetime diffeomorphisms, or the SU(2) × SU(2)
gauge symmetry at the self-dual radius. As the symmetry is continuous, Λ can take any
value in the parameter space of the corresponding Lie group.
This is not the only way to preserve the Hamiltonian. Consider a theory with ac-




















The Hamiltonian is invariant under the transformations
S → OS, H → OHO−1, (2.35)
9The requirement that the automorphism preserves the commutation relations is already a sign that it

















where O ∈ O(d, d;Z) (the discreteness is required to preserve integer-valuedness of the zero
modes). Thus, an automorphism that generates an O(d, d;Z) transformation,
e−iQSIeiQ = OIJSJ , (2.36)
will also preserve the Hamiltonian (provided HIJ is also transformed). The requirement
that O ∈ O(d, d;Z) means that Λ may only take certain discrete values. Thus, we see that
the condition for charge conservation is that the charge generates a symplectomorphism.
2.5 Gauge equivalence of T-duality charges
In this subsection, it will be more convenient to use OPEs instead of commutation relations.




We also use conventions where the XX OPE is given by
X(z)X(w) ∼ −π log |z − w|2 (2.38)
at the self-dual radius, which is the only radius we will be interested in for this subsection.
To show gauge equivalence of the charges, we need to show that the transformations they
induce are the same up to a U(1)L × U(1)R gauge transformation. It is sufficient to look
at general derivatives of X and general exponentials of X.11 The transformation of higher
derivatives of X under an automorphism follows straightforwardly once the transformation
of ∂X is known,
eiQ∂nXe−iQ = ∂n−1eiQ∂Xe−iQ = −∂nX, (2.40)
and this is the same for both charges. However, the transformation of exponentials einX is
more difficult. In [9] the transformation of such exponentials is found using a point-splitting
argument, but we present a slightly different approach, via induction, and the details are






We see that, in the n odd case, there is an extra factor of i compared to expectations. This
technical detail is discussed in appendix A.
Thus far we have made use of the Z2 symmetry generated by the charge (2.13) with




10The superscript in Qc refers to the cosine function that is used to define the charge. It is included here
to distinguish it from a similar construction using the sine function.
11This follows from the fact that
eiQABe−iQ = eiQAe−iQeiQBe−iQ (2.39)

















Indeed, it was this charge that was used in [9]. Both charges give rise to the same ac-
tion ∂X → −∂X, but they do not act in the same way on exponentials. This may
seem strange at first, but it is not hard to see that these charges are related by a
U(1)L×U(1)R ⊂ SU(2)L×SU(2)R gauge transformation generated by the currents ∂X(z)
and ∂̄X(z̄). Moving away from the self-dual radius, this symmetry is preserved, so this
equivalence of the charges holds throughout moduli space.12 If we use the sine charge, via






where it is instructive to write an n-dependent phase on the right hand side as a shift in
XL. Written in this way, it seems that the effects of the two charges on einXL are related by
a U(1)L × U(1)R transformation that gives the required shift in XL. To see this, consider




where the 3 superscript indicates that it is the charge corresponding to the current J3. By





Λ = e−inπΛeinXL , (2.45)
or simply eiQ3ΛXLe−iQ
3
Λ = XL− πΛ. Now, denote the T-duality cosine and sine charges by
Qc, Qs respectively.
If we set Λ = −1/2 in Q3Λ, we find that einXL → (−1)
n









ie−inXL , n odd
e−inXL , n even.
(2.46)
The right-hand side is the same as the Qc transformation, and thus we have shown that
the effects of the two charges are related by U(1)L gauge transformations. The difference
between the cases for n odd or even can be traced to the way in which the highest weight
states in the modules L[1,0] and L[0,1] transform under the automorphisms generated by
Qc,s (see the discussion in appendix A). It is not hard to show that the charges Qc and Qs
themselves are directly related by a similar U(1) gauge transformation, generated by Q3Λ








In the previous section, we have illustrated how, using knowledge of how the operator
algebra defined at a point of enhanced symmetry transforms under the automorphism
generated by Q, one can determine the effect of the automorphism at a general radius.

















Refs. [9, 31, 32] also consider torus backgrounds with constant B-field. These are
exact string backgrounds and have an explicit description in terms of a worldsheet CFT.
However, the realisation of the approach to T-duality proposed in [9] is contingent on being
able to describe the Hilbert space of the CFT corresponding to a particular background in
terms of the Hilbert space of the theory at the self-dual point.
We are interested in generalising this construction and in this section we consider two
key issues. The first is the question of what the appropriate framework to discuss and
generalise this construction outlined in section 2.3 is. We shall argue that the identifica-
tion of a connection on the space of backgrounds with which parallel transport may be
performed (from a point of enhanced symmetry to a background of interest) provides a
natural generalization of the technique of section 2.3. A second issue is to identify a class
of backgrounds suitable for practical application of these techniques. Torus bundles with
monodromy provide a useful set of examples. A third question, that of what obstructions
there are to further generalisation, is touched upon but will be largely left open.
3.1 Connections on the space of backgrounds
Given a connection Γ on the space of backgrounds, the procedure of section 2.3 can be
realised by using the connection to parallel transport the fields from one point on the space
of backgrounds to another. The key observation of [21] is that the universal coordinate
argument [16] that leads to (2.23) and (2.24) can be understood infinitesimally13 in terms
of parallel transport using a connection on the space of toroidal backgrounds (2.5). Con-
nections on the space of string backgrounds have been explored in [20, 21], where a very
general class of CFT connections was considered. The choice of which connection to use
depends on what we want to preserve under parallel transport.
3.1.1 CFT connections and surface states
Given that a string background (in the perhaps limited sense of satisfying the string equa-
tions) is equivalent to the existence of an associated worldsheet CFT, natural things to
preserve under parallel transport are gluing properties of CFTs [20]. In this way, the par-
allel transport of the state space of a CFT will yield another CFT and in principle could
be used to explore the CFT moduli space.
A perturbative string theory defined on a certain background, in the form of a string
field theory, may be described by the BRST charge QB and the collection of surface states
〈Σn|. As such, a simple way to understand the effect of a connection is to see how the
stress tensor and surface states transform under parallel transport. Let Σn,g be an n-
pointed Riemann surface of genus g. A surface state 〈Σn,g| may be defined as follows.
Given the states |Ψi〉 in the string Hilbert space at the i’th puncture, the correlation

















functions 〈Ψi(z1) . . .Ψn(zN )〉 are given by14
〈Ψi(z1) . . .Ψn(zn)〉 = 〈Σn||Ψ1〉 . . . |Ψn〉, (3.2)
where |Ψi〉 is the state corresponding to the operator Ψi inserted at the puncture located
at (zi, z̄i).
If we have a CFT, the general framework for constructing connections on the space
of backgrounds has been mapped out [19] (see also [20]) in terms of the surface state∣∣Σ, zi〉. Such connections give a manifestly conformally-invariant way of moving between
backgrounds. Moving from the point sα to sα + δsα on the space of backgrounds may be
achieved in a CFT by using a marginal operator Φi, conjugate to the deformation, giving
the connection ∣∣ΣN〉E′ = ∣∣ΣN〉E + δsαDα∣∣ΣN〉E + . . . , (3.3)










Ω(a)α |ΣN,g〉E , (3.4)
where |ΣN+1,g; z〉 is a surface state with an extra puncture at the point z where the marginal
operator Φi is inserted. This connection will depend on the choice of {Dα} cut out of the
Riemann surface. The choice of {Dα} is not the only choice one can make in defining a
connection. We can also include an automorphism of the Hilbert space at a point. This
is denoted by Ω(a)α above.15 Together, {Dα,Ωaα} specify the connection. Moreover, the
choices of Dα and Ωα are not independent and it was shown in [20] that a change in one
can be given by a change in the other. The utility in introducing an automorphism Ωα is
that it may be used to remove divergences that may appear in the integral term on the
right-hand side of (3.4).
14The surface state for the matter sector may be written as
〈
Σn




Nmp(za, zb)α(a)m · α(b)p + a.h.
)
, (3.1)
where Nmp(za, zb) are Neumann coefficients (see, for example [33]) and
〈
~0
∣∣ = 〈01| . . . 〈0n|(2π)DδD (∑a pa) ,
and similarly for the right-moving sector. Ghost parts have been neglected but may be straightforwardly
incorporated.
15In this framework, one can see how the stress tensor transforms in such a way as to preserve conformal





















where the discs D′ and D are related by a conformal transformation generated by the stress tensor and Φ

















There are a number of possible CFT connections and the effect of parallel transport
by such connections on the surface states provides a useful language in which to frame the
issue of background independence in string field theory [22]. However, it is difficult to find
suitably explicit, yet interesting, string solutions which are non-trivial torus fibrations and
for which the explicit CFT is known. One can learn a lot by studying explicit toy models
which, though not CFT descriptions of complete string backgrounds, may play an interest-
ing role as building blocks for such backgrounds. Well studied examples include T 2 bundles
with monodromies in the SL(2;Z) modular group of the fibre and T 3 backgrounds with con-
stant volume-filling NS flux. Though not exact string solutions, such examples have been
recently studied [34] and do play a role in what are thought to be string solutions. They
also play a role in well-known NS-5 brane and Kaluza-Klein monopole backgrounds [35–38].
Written in terms of surface states, the CFT connection (3.4) is not obviously applicable
to more general sigma models. However, the formalism may be adapted to more general
quantum field theories.
3.1.2 A connection from universal coordinates
There are therefore a large number of possible CFT connections, specified by the choice
{Dα,Ωα} and a marginal operator Φi. Which connection we choose depends on what as-
pects of the model we care about. It was shown in [22] that String Field Theory selects,
as a natural connection, that found in [16]. In this case, the connection arises not from
the principle of gluing being a CFT operation, but from the requirement that the univer-
sal coordinates (Πi(σ), X i(σ)) are preserved on backgrounds of the form MD × T d. Put
another way, at each point on the space of backgrounds there exists a canonical set of
fields (Πi(σ), X i(σ)). This connection transports the (Πi(σ), X i(σ)) at one background to
the corresponding (Πi(σ), X i(σ)) at another background, where they are identified (up to
possible symmetry transformations at that point). This connection was originally studied
in [20] as an example of a CFT connection for which the discs excised from the worldsheet
in (3.4) are unit discs and there is no Ω term. This is the simplest choice of connection
intuitively from the perspective of string field theory, but there are technical challenges to
integrating infinitesimal deformations up to finite changes of background.
It was shown in [21] that this CFT connection is equivalent to a connection proposed
in [16] when considering string field theory on toroidal backgrounds. The virtue of the
derivation of this connection given in [16] is that it does not rely on CFT concepts and
so generalises to sigma models that are not exact CFTs. In this sense, it is a connection
that can allow us to study backgrounds that are, from a string field theory perspective,
off-shell, opening up the possibility of connecting a very wide class of sigma models to one
another by parallel transport of this connection.
To start with, let us stick with CFTs. The basic idea is to consider an object, such as
the surface state defined at a background E, and then to consider how it changes under a
change of background. To first order, this gives the connection

















where δsα is an infinitesimal motion in the space of backgrounds. As discussed in section 2,
∂Xi(E) defined at the background Eij is related to that defined at the background with
metric Gij and zero B-field by
∂Xi(E) =
1
2(∂Xi + ∂̄Xi) +
1
2EijG
jk(∂Xk − ∂̄Xk), (3.8)
where the ∂Xi on the right-hand side of (3.8) are defined at the background with metric
Gij . Given that the metric and B-field are constant, the associated mode transformation
is given by (2.6). In terms of the circle at radius R =
√








to leading order in δR, as found in [16]. The surface state |Σn〉 depends explicitly on
these modes and so might be expected to transform under the change of background. The
Neumann coefficients do not change, but the αn do, and with the change (3.9) comes a
corresponding change in the worldsheet vacuum. The vacuum is defined by αn|0〉 = 0 =
ᾱn|0〉 for n ≥ 0, and so a change in background also changes the vacuum,









Using these results, it follows [16, 22] that the Ω-independent part of this connection can
be seen to preserve the surface states (for N > 2). This can be understood from the
perspective of the CFT connection as that connection which takes {Dα} to be unit discs
in terms of projective coordinates on ΣN,g. The sewing relation w = 1/z then tells us that







Ω(a)α (s)|ΣN 〉E , (3.11)
i.e. just a point-wise automorphism on the Hilbert space.
An interesting feature of these connections is that they generalise to arbitrary defor-
mations δEij and so we can discuss general nonlinear sigma models, not just CFTs. A
difference is that we no longer have a clear notion of what we mean by a surface state |Σ〉
if we are not working exclusively with CFTs; however, this is really just a difference in
approach, rather than principle. Connections, such as those discussed above, have been
studied for quantum field theories that are not CFTs. In particular, how correlation func-
tions in these theories change as we move from one point in parameter space to another
has been studied. We shall say a little more about this in the next section and more details
may be found in [39–42] and references to be found therein.
Thus, a connection such as that defined by universal coordinates gives a way to clearly
describe the transport of a Hilbert space from one point on the space of backgrounds to
another. The Buscher procedure also does not require the worldsheet theory to be a CFT
and so this allows us to make contact with the predictions of T-duality applied to more
general non-linear sigma models. This observation will form the basis of the application
of the procedure of [9] to various toy models based on backgrounds such as the nilfold, T 3

















3.2 Connections and torus bundles
We consider the role CFT connections and their generalizations can play in understanding
a special class of torus bundle backgrounds.
3.2.1 Twisting as a relationship between backgrounds
Consider string theory on a T 2 background with constant metric gij and B-field Bij . The
space of such backgrounds is the orbifold
M = O(2, 2;Z)\O(2, 2)/O(2)×O(2), (3.12)
and we introduce local coordinatesmα on M . Consider a curve γ ⊂M with real parameter
s. Given a connection Γ, we can construct a covariant derivative Dα = ∂α+Γα and parallel
transport elements of the Hilbert space |ψ〉 according to Dψ = 0. Thus, we can integrate
this expression along a path, parameterised by s, to relate operators of the CFT at one













Consider a path γ such that any two points on γ are related by an action of a particular
generator of O(2, 2). For simplicity, we take the parameterisation to be aligned with one
of the local coordinates m on M and also (s1, s2) = (0,m). The mode operators (αn, ᾱn)
provide illustrative examples of operators we might transport from one point to another.
Alternatively, we could take ψI to include the worldsheet currents ∂Xa and ∂̄Xa. Suppose
we start at a background with zero B-field and metric Gab. In general the transformation of
a basis of operators given by such a parallel transport will mix the fields together. Matters
are simpler for the deformations that move us around the space of torus compactifications.
The transformation of the modes is given by (2.6), where we note that the zero modes
transform amongst themselves and so the transformations of the fields ∂Xa and ∂̄Xa tell
us exactly how the target space changes under the transformation and we shall focus on
those fields. For different deformations of the theory, different subsets of fields may be of





















where (∂X̂a, ∂̄X̂a) is defined at the background Eab and (∂Xa, ∂̄Xa) is defined at the
background G. For example, we could take ∂Xa = (∂Y, ∂Z) and the deformation to
generate a constant B-field
B = m dY ∧ dZ, (3.16)


















∂Ŷ = ∂Y + m4 (∂Z − ∂̄Z), ∂Ẑ = ∂Z −
m
4 (∂Y − ∂̄Y ). (3.17)














Y (σ)Z ′(σ)− Y ′(σ)Z(σ)
))
. (3.19)
Since ÂI can be written in this way, such a deformation is pure gauge, provided m is
appropriately quantised.17










This too is a gauge transformation and may be understood as follows. In terms of the action
















, m ∈ R, (3.21)
where ΓT denotes the transpose of Γ and eΓ ∈ SL(2). Thus the algebra of operators of the
theory at the background at one point on γ is related to that at another point by an SL(2)
transformation. In other words, as we move along the curve γ we change the complex
structure of the torus. In this way, we can think of γ as a curve generated by a particular
element of the Lie algebra of SL(2). In particular, if we chose the parameterisation such
that the metric at m = 0 is given by gab = Gab, then the metric at a point t 6= 0 would
be given by g(m) = e−ΓmGe−ΓTm. Alternatively, we can describe this by a change in the
complex structure,
τ(t) = i+m, (3.22)
on the T 2 fibre, and by a general element of the Mobius group for a γ generated by
a general element of SL(2). Any two backgrounds related by SL(2;Z) ⊂ O(2, 2;Z) are
identified in M and so are equivalent. This is just the action of the modular group of the
T 2 in this simple case and we can consider transporting around closed loops, provided the
monodromy is in O(2, 2;Z).
3.2.2 Twisted backgrounds
Where things become interesting is when the above discussion inspires constructions of
non-trivial backgrounds that may be part of exact string solutions. In this case, we take
the closed curve γ as a physical direction in spacetime with coordinate x and fibre the T 2
over the line, varying the complex structure in the above way as we do so. Moreover, x
can be made periodic as long as the resulting monodromy is an element of O(2, 2;Z).

















Thus, we have a locally smooth geometry given by a T 2 fibred over a circle with
coordinate x. The monodromy of the bundle is an element of O(2, 2;Z) acting on the fields
ΠI := (Πa, X ′a) of the T 2 fibre, and here the monodromy along the base direction x must
be an element of O(2, 2;Z).
We can use the CFT connection to transport the theory in the fibres from one point to
another on the base and, if the fibres contain circles that are at the self-dual radius at some
point, then T-duality may be performed as outlined in section 2.3 following the procedure
of [9]. Treating the CFT in the fibres separately from the base gives a construction in which
the duality is performed fibrewise. Such a construction is useful, but may not always give
the full story as the base coordinate may play an important role.
The theory in the fibres is a CFT, but by including the base direction with non-trivial
monodromy, the background described by the bundle is not a CFT18 and so (in the absence
of the state operator correspondence) the notion of a surface state is not clear. Instead, we
can think about how correlation functions change under deformations of the theory and
define the connection correspondingly. The surface state may be expanded in a set of fields




〈φi1 | . . . 〈φin |Σi1...in , (3.23)
where the coefficients Σi1...in are the correlation functions Σi1...in = 〈φi1 . . . φin〉. We can






























where Oα is the operator conjugate to the deformation. Indeed, this is closer to the
original context in which such connections were first considered in four-dimensional φ4
and Yang-Mills theories.19 This connection gives the infinitesimal transformation of the
fields in the correlation function. The analogue of the operator e−
∫
Γ in (3.13) is given
by repeated application of the ‘conjugate’ operator Oµ (appropriately regularised) and
describes a mixing of the fields of the theory as we transport over the base.
18Though it may be an important part of an exact string background [34].


































There are some differences in higher dimensions, such as the appearance of Ôµ(r) = Oµ(r) − 〈Oµ(r)〉 in
the correlation function and the smearing over angular directions. For details, we encourage the reader to
consult [39–41]. The limit given here reflects the fact that the connection was defined in terms of balls
of radius ε whose size was taken to zero. The prescription chosen to absorb divergences in the integral
as ε → 0 into Cαik is part of what specifies a choice of connection. The prescription of [16] excised unit
discs D1 from the worldsheet and hence exhibits no divergences in the correlation function corresponding
to the limit ε→ 0. As such, Ωα may be taken to vanish, although one could choose Ωα to include a finite

















We shall apply this general formalism to the torus bundles described above. In what
follows, we shall focus only on the (∂Xa, ∂̄Xa) sector and ignore any possible mixing with
other fields. The rationale for this is that, unless modes become massless under parallel
transport, such mixing is not expected to play a central role in the description of the target
space of the backgrounds we consider to leading order. Neglecting such mixing is equivalent
to considering the duality to be performed fibrewise;20 however, we hope to discuss such
operator mixing in detail elsewhere.
An example of such a construction is the Nilfold, a torus fibred over a circle with
monodromy given by (3.21). In this case, the analogue of (3.15) is given by







2∂̄Z − 12mX(∂Y − ∂̄Y ),
(3.26)
and the corresponding expressions for ∂̄X̂a given in (4.16). One can show that it is not
possible to find a U such that this transformation can be produced by a similarity transfor-
mation of the form (3.18) and so this can be thought of as a physical deformation, rather
than a gauge transformation. The key difference between the two cases is that here the
presence of X(σ) multiplying m means that the exponent in U would have to depend lin-
early on mX(σ); however, such a dependence is incompatible with ∂X̂ = ∂X. By contrast,
in the pure gauge case, m is a parameter — a real number — and so its presence in the
exponent of U does not affect the qualitative transformation properties of the fields under
automorphisms with U .
The above discussion is a rather tortuous way of thinking about familiar duality twist
backgrounds [43, 44]. What is gained by framing the construction in this way is an in-
terpretation of the monodromy as a map between different backgrounds. In particular,
we can think of the duality twist (3.21) as a map from a way of describing a given back-
ground Eab in terms of a reference background Gab. If we take the reference metric to
be at a point of enhanced symmetry in M then we can use this relationship to describe
that background in terms of a Hilbert space of fields at the point of enhanced symmetry.
This seems reminiscent of [9] and indeed we can see that, for geometric backgrounds, this
is the same construction as found there. This construction gives a framework in which to
describe fibrewise T-duality in torus bundles, the subject of section 4.
20Taking the base circle to have radius R and re-introducing the R and α′ dependence explicitly, the field
X in our expressions is replaced by X/R, which may be written as














α′/R2 and n and w are momentum and winding numbers respectively. The fibrewise con-
struction, in which the field X is taken as a parameter x, is recovered in the w = 0 sector by taking the
λ→ 0 limit. Thus, we see that the operator mixing that signals a departure from the fibrewise construction
enters, at least in the w = 0 sector, when the supergravity approximation (λ 1) can no longer be trusted.

















3.3 Twisting the Hamiltonian
















where H0 is the Hamiltonian density at a point of enhanced symmetry. Here the twist is














For example, for the SU(2) enhanced symmetry we set the radii of the circles to be
√
α′












, X a = eaiX ′i. (3.30)
We can think of (Za,X a) as twisted versions of (Πi, X ′i). Defining ∂Xa(E) and ∂̄Xa(E)
by
Za = (∂Xa(E) + ∂̄Xa(E)), GabX b = (−∂Xa(E) + ∂̄Xa(E)), (3.31)
one can show that ∂X̂i = eia∂X̂a may be written as
∂Xi(E) =
1
2(∂Xi + ∂̄Xi) +
1
2EijG
jk(∂Xk − ∂̄Xk). (3.32)
This is the same relationship between backgrounds as found by [9]. For nongeometric
backgrounds, where we can still write the Hamiltonian as a duality twist of a reference
background H = OH0OT , Za and X a may not take the form (3.32). We discuss examples
of this type in the following section.
3.4 Degenerating fibres
One might consider an example where the curve γ passes through a point in the moduli
space where the fibres degenerate. An example of this would be for the T 2 bundle where
the Deligne-Mumford compactification of the moduli space allows us to include points on
the boundary corresponding to a cycle in the T 2 fibre degenerating. The transformation






1 + EG−1 1− EG−1






We see that, if the fibres degenerate (E → 0), then the matrix appearing above has a
non-trivial kernel and we can no longer transport the chiral fields past this degeneration

















A virtue of this framework is that the emphasis is placed upon the integrability of the
connection along a path connecting two backgrounds, rather than the existence of globally
defined compact isometries. The connection of [16], defined on M , is flat and so we can
connect all torus backgrounds by parallel transport.
An interesting example where such degenerations are important is the SU(2)n WZW
















where φ1 ∈ [0, π], ξ2,3 ∈ [0, 2π]. The full conventions can be found in [46], but we can see
that the torus fibres of this metric degenerate at φ1 = 0, π, where one of the circles shrinks
to zero. Although such examples would be interesting to understand better, in this paper
we shall restrict ourselves to cases where this does not happen.
4 Torus bundle examples
We start with some definitions. Consider the T d bundle over S1 with monodromy eN ∈
O(d, d;Z). X(σ) is the base coordinate and a = 1, 2 . . . d indexes the fibre directions.22 It









The fields AA(σ) = (e−NX)ABΠB(σ) are defined as AA(σ) = (Za(σ),X a(σ)), where
Za = (e−NX)abΠb + (e−NX)abX ′b,
X a = (e−NX)abΠb + (e−NX)abX ′b,
(4.2)
and ΠA = (Πa, X ′a). Note that the AA(σ) are well defined as X(σ) commutes with the
ΠA in the fibres. In the fibres we have (taking Bab = 0)
Πa = ∂Xa + ∂̄Xa, GabX ′b = −∂Xa + ∂̄Xa. (4.3)
































21We thank the referee for bringing this example to our attention.
22Such constructions have received much attention as toy models to study duality and to address issues

















There are similar expressions for J̄a, which are the natural twisted versions of the ∂̄Xa. In
the given polarization, we write the Hamiltonian density H = HAB(X)ΠAΠB in terms of
a metric gab and B-field Bab in the fibres,







An interesting object to consider is the chiral stress tensor
T (σ) = GabJaJb. (4.7)
After a lot of tedious but straightforward algebra and using the fact that e−NX ∈ O(d, d),
one can show that T (σ) may also be written as
T (σ) = gab∂Xa(E)∂Xb(E), (4.8)
where we recall that ∂Xa(E) is given by (3.8), Eab = gab+Bab is the background tensor and
gab and Bab are defined by (4.6). This is true regardless of whether or not the background
admits a global geometric description. If the twist matrix e−NX may be written in the
same form as the vielbein for HAB (as in 3.27), then the background will admit a geometric
interpretation globally, otherwise it will not in general. We see that T (σ) is the parallel
transport of the untwisted chiral stress tensor to the background with a duality twist. The
examples we consider in this section are toy models but they do play a role in building
honest string backgrounds, where there is reason to believe a CFT description exists. In
such cases the stress tensor plays an important role in defining the CFT. Here we restrict
our attention to toy models and consider23 T (σ) and, in particular, how it transforms under
T-duality given by the automorphism T (σ)→ eiQT (σ)e−iQ.
4.1 The nilfold
We study the duality sequence involving the nilfold. This has also been studied in [6]. The








and the metric is
gij =
 1 0 00 1 −mX
0 −mX 1 + (mX)2
 . (4.10)
The B-field is taken to be zero. Following (4.2), we introduce Za = (e−fX)abΠb in the
fibres,
Zx(σ) = Πx(σ), Zy(σ) = Πy(σ), Zz(σ) = Πz(σ) +mX(σ)Πy(σ), (4.11)

















where Πi are the momenta.24 Note that [X(σ),Πy(σ)] = 0, so these objects are well defined.
A rationale for introducing the Za is the O(d, d) covariant form of the Hamiltonian,
H(σ) = SI(σ)HIJ(σ)SJ(σ) = AI(σ)GIJAJ(σ), (4.12)




, and the monodromy has been included ex-
plicitly and AI = (Za,X a). Here, GIJ denotes (4.6) evaluated at the self-dual background
and may be taken to be proportional to the identity. The Za obey the Heisenberg-like
(loop) algebra
[Zx(σ),Zz(σ′)] = −2πimδ(σ − σ′)Zy(σ′), [Zy(σ),Zz(σ′)] = 0, [Zy(σ),Zx(σ′)] = 0,
(4.13)
by virtue of the standard canonical commutation relations on the torus fibres. If we define
∂Xi and ∂̄Xi as in (4.3), then the Za of (4.2) may be written as
Zx(σ) = ∂X+ ∂̄X, Zy(σ) = ∂Y + ∂̄Y, Zz(σ) = ∂Z+ ∂̄Z+mX(∂Y + ∂̄Y ). (4.14)
Using the relationship (3.8) and introducing the shorthand ∂Xi(E) ≡ ∂X̂i (i.e. hatted op-
erators are at a general background and unhatted operators are at the E = G background),
the change in the fields in going from the background with metric Gij = δij to the nilfold
background is







2∂̄Z − 12mX(∂Y − ∂̄Y ),
(4.15)
where X = XL+XR is unchanged (it is universal). The stress tensor is given by (4.8) with
∂X(E)i ≡ ∂X̂i given by (4.15). Similarly,







2∂Z + 12mX(∂Y − ∂̄Y ).
(4.16)
Note that the change in background is a twisting of the torus, i.e. an SL(2) action on the
coordinates (Y,Z). Since the Ja are SL(2)-invariant, they take the same functional form
when written using the ∂Xi or the ∂X̂i. This may be checked explicitly.
4.1.1 T-duality
The stress tensor may be written schematically as T (σ) = (∂X̂)T g−1(∂X̂). The T-dual
expression is given by V −1TV , where V = e−iQ, and so, writing ∂X̂ = U∂X,
V −1TV = (V −1∂XTV )(V −1UTV )(V −1g−1V )(V −1UV )(V −1∂XV ). (4.17)
24These are also momenta of the untwisted backgrounds — they are conjugate to the coordinates on


















Assuming g does not contain any dependence on the coordinate we want to dualise along,
(V −1gV ) = g, and then all we need to understand is V −1UV . Equivalently, we need
to understand V −1ΓV , i.e. how ΓIJ(X) transforms under T-duality. We shall start by
studying T-duality along the Y and Z directions. Since ΓAB = NABX(σ) depends only
on X(σ), T-duality along the Y and Z directions has no effect and V −1UV = U . Thus we
need only consider the factor V −1∂XV which, as discussed at length in section 2, is well
understood. We see that complications in understanding T-duality arise when g and/or
U have explicit dependence on the direction we are performing the duality in. Taken
together, the conditions that V −1UV = U and (V −1g−1V ) = g−1 are that the background
is invariant under shifts along the direction in which we are performing the T-duality. The
requirement of such invariance is the key ingredient from the Buscher perspective.
The stress tensor for the nilfold is given by T (σ) = gij∂X̂i∂X̂j ,
T (σ) = (∂X̂)2 + (∂Ŷ )2 + (∂Ẑ +mX∂Ŷ )2
= (∂X)2 +
(




∂Z + 12mX(∂Y + ∂̄Y )
)2
. (4.18)
The T-dual stress tensor is given by eiQT (σ)e−iQ, where we perform a T-duality along the
Y direction using the charge Q = 12
∮
dσ cos(2YL(σ)). The effect of this automorphism on
Y (σ) is eiQ∂Y (σ)e−iQ = −∂Y (σ) and eiQ∂̄Y (σ)e−iQ = ∂̄Y (σ). The stress tensor of the
dual theory is then
T (σ) = (∂X)2 +
(




∂Z − 12mX(∂Y − ∂̄Y )
)2
. (4.19)
It is not hard to check that the background is that of a T 3 with constant H-flux. Using (4.3)
and the expression (4.8), the stress tensor for the background with gij = δij , B = mx dy∧ dz
is given by T (σ) = (∂X̂)2 + (∂Ŷ )2 + (∂Ẑ)2, where
∂X̂ = ∂X, ∂Ŷ = ∂Y + 12mX(∂Z − ∂̄Z), ∂Ẑ = ∂Z −
1
2mX(∂Y − ∂̄Y ). (4.20)
This is precisely the stress tensor found as the dual of the nilfold stress tensor, as expected.
It is more straightforward to construct the related currents Ja, given by (4.5),
Jx = ∂X, J̄x = ∂̄X, (4.21)
Jy = ∂Y −
1
2mX(∂Z − ∂̄Z), J̄y = ∂̄Y +
1
2mX(∂Z − ∂̄Z), (4.22)
Jz = ∂Z +
1
2mX(∂Y + ∂̄Y ), J̄z = ∂̄Z +
1
2mX(∂Y + ∂̄Y ). (4.23)
The stress tensor of the nilfold may then be written as (4.7).
4.1.2 A doubled algebra
The twisted versions of the X ′a are given by X a = (efTX)abX ′b, where fT denotes the
transpose of (4.9),

















The Za(σ) and X a(σ) close to form an algebra under commutation. The non-trivial com-
mutators are25
[Zx(σ),Zz(σ′)] = −2πimδ(σ − σ′)Zy(σ′), [Zx(σ),X y(σ′)] = 2πimδ(σ − σ′)X z(σ′),
[Zz(σ),X y(σ′)] = −2πimδ(σ − σ′)X x(σ′), (4.25)
and the central extensions
[Zi(σ),X j(σ′)] = 2πiδji δ
′(σ − σ′). (4.26)
This algebra is reminiscent of the Lie algebras that appear in flux compactification of
supergravity on the nilfold [26, 47] and also the description of the nilfold in doubled geom-
etry [6, 24]. We shall comment on this in section 5.
The commutator algebra may be seen to be a centrally extended analogue of the
doubled algebra,
[Zi(σ),Zj(σ′)] = −2πifijkZk(σ′),
[Zi(σ),X j(σ′)] = 2πiδji δ
′(σ − σ′)− 2πifikjX k(σ′),
[X i(σ),X j(σ′)] = 0, (4.27)
where fzxy = −fxzy = m. This may be written in an O(d, d;Z)-covariant way as
[AI(σ),AJ(σ′)] = 2πiLIJδ′(σ − σ′)− 2πitIJKAK(σ′)δ(σ − σ′), (4.28)
where AI = (Za,X a), txzy = −m (and zero otherwise) and LIJ is the invariant of O(d +
1, d+ 1).
4.2 T 3 with H-flux
We consider the case where the monodromy matrix is of the form (4.1) with fab = 0 = Qab
and Kyz = m ∈ Z. Note that the Ji = ∂X̂i for this background are given by (3.8) (with
gab = δab and Byz = mX) or read off from the stress tensor (4.19) found by dualising the
nilfold,
Jx = ∂X, J̄x = ∂̄X,
Jy = ∂Y +
1
2mX(∂Z − ∂̄Z), J̄y = ∂̄Y −
1
2mX(∂Z − ∂̄Z),
Jz = ∂Z −
1
2mX(∂Y − ∂̄Y ), J̄z = ∂̄Z −
1
2mX(∂Y − ∂̄Y ), (4.29)
which gives the components of AI(σ) as
Zx = Πx, Zy = Πy +mXZ ′, Zz = Πz −mXY ′,
X x = X ′, X y = Y ′, X z = Z ′.
(4.30)

















The commutation relations are then26
[Zi(σ),Zj(σ′)] = −2πimεijkX k(σ′)δ(σ − σ′), [Zi(σ),X j(σ′)] = 2πiδ′(σ − σ′),
[X i(σ),X j(σ′)] = 0, (4.33)
which, again, is of the form (4.28).
4.3 T-fold
Alternatively, T-duality of the nilfold along the Z-direction gives a T-fold. It will be
instructive to see how the background arises from the currents Ja. An automorphism with
the duality charge amounts to the exchange ∂Z → −∂Z, ∂̄Z → ∂̄Z. There is no explicit
Z-dependence, so we need not worry about how Z transforms. The resulting currents are
Jx = ∂X, J̄x = ∂̄X,
Jy = ∂Y +
1
2mX(∂Z + ∂̄Z), J̄ =y ∂̄Y −
1
2mX(∂Z + ∂̄Z),
Jz = ∂Z −
1
2mX(∂Y + ∂̄Y ), J̄z = ∂̄Z +
1
2mX(∂Y + ∂̄Y ), (4.34)
which gives the fields Zi and X i as
Zx = Πx, Zy = Πy, Zz = Πz,
X x = X ′, X y = Y ′ −mXΠz, X z = Z ′ +mXΠy,
(4.35)
from which we see that NAB is of the form (4.1) with all entries zero except Qyz = m. The





The Hamiltonian may be constructed from Zi and X i as in (4.12), and the metric and
B-field read off for this background,




, B = mX1 + (mX)2 dy ∧ dz. (4.37)
The non-trivial commutation relations for the algebra of the Zi and X i are
[Zx(σ),X z(σ′)] = −2πimZy(σ′)δ(σ − σ′), [Zx(σ),X y(σ′)] = 2πimZz(σ′)δ(σ − σ′),
[X y(σ),X z(σ′)] = 2πimX x(σ′)δ(σ − σ′), (4.38)
26Using
X(σ) ddσ′ δ(σ − σ





−X ′(σ′)δ(σ − σ′)
= −X ′(σ′)δ(σ − σ′), (4.31)
and also the fact that
d
dσ′ δ(σ − σ
′) = − ddσ δ(σ − σ
′), (4.32)

















and the central extension term
[Zi(σ),X j(σ′)] = 2πiδji δ
′(σ − σ′). (4.39)
This is the central extension of an algebra with structure constant Q yzx = m, as we might
expect for the T-fold. Again, this algebra is of the general form (4.28).
4.4 On non-isometric T-duality
In this section, we briefly consider a simple case where, in the language of section 4.1.1,
(V −1UV ) 6= U . This can occur when U depends explicitly on the direction we are per-
forming the duality. Duality involving functions of ∂X and ∂̄X are well understood. What
if we have a more general function of X(σ)? The only such functions that appear at the
self-dual radius are of the form einXL(σ), which we have already studied and transform
in a well-defined way. However, in considering the obstacles one might need to overcome
to apply the operator formalism to non-isometric torus fibrations, it may be instructive
to study how functions of X(σ) that are not invariant under isometries transform. As a
first step we compute eiQXL(σ)e−iQ. In the framework presented here, X(σ) is a universal
coordinate. Thus, if we know how X(σ) transforms under T-duality at the self-dual radius,
we can infer how it transforms in backgrounds related to that one by parallel transport. It






= iπΘ(σ − σ′)δij , (4.40)
where27








The fact that Θ is not a periodic function and so is not well defined on the worldsheet will
be the source of the difficulty in making sense of applying the T-duality automorphism to




with a little work one finds
[Q,XL(σ)] = −iπ
∮
dσ′Θ(σ′ − σ) sin(2XL(σ′)),
[Q(2), XL(σ)] = −π2
∮
dσ′Θ(σ′ − σ)X ′L(σ′),
where we use the notation


























where there are n nested commutators on the r.h.s. We might think that we can do this
integral by parts and get rid of the boundary term in the second expression. Assuming
this, you would end up with XL → −XL as the transformation. However, since XL and
Θ are not periodic, the boundary term does not vanish. The easiest way to compute the
integral is in fact to use the mode expansions and do the integrals directly. Doing this, we
have







Since the charge acts in the same way regardless of the value of σ, we can now just write
down the successive commutators:
[Q(3), XL(σ)] = iπ3
∮




′ − 2π)), (4.45)














































We can use Θ(σ′ − 2π) = Θ(σ′) − 1 and sgn(σ′) = 2Θ(σ′) − 1 to slightly simplify the last
term, so that





Note that, if we use the sine charge instead, we arrive at a different result, namely





Taking an optimistic view of this rather messy result, we note that it is of the form
eiQXL(σ)e−iQ = −XL(σ) + C, (4.48)
where C is a constant operator. This operator depends on the charge one uses to perform
the duality and points to the fact that such a shift can be removed by a U(1)L×U(1)R gauge
transformation. Put another way, this result is suggestive of the possibility of considering
the correct action of the duality on XL(σ) as XL(σ) → −XL(σ) (equivalently X(σ) →

















received support from other quarters (see for example [6, 35, 37, 43]). Of course, in those
cases the emphasis was on performing T-duality in the absence of isometries in the target
space. Here, we see that what is required to be able to neglect C is the unbroken U(1)L
symmetry acting on XL. This is a particular linear combination of isometry and B-field
transformation; the diagonal U(1)L ⊂ U(1)Z × U(1)X , where the isometry is U(1)Z . An
obvious argument against this interpretation is that C is an operator and will not commute
with other generators in the SU(2) gauge symmetry. As such, it seems a poor candidate
for a parameter of a translation symmetry. We will discuss this further elsewhere [30]. The
transformations may be written as
δZX = 2α, δZX̃ = 0, δZXL = α = δZXR (4.49)
for the isometry and
δXX = 0, δZX̃ = 2α̃, δZXL = −α̃ = δZXR (4.50)
for the B-field transformation. We see that, if we choose α = 0 and α̃ = C, i.e. if we
couple the T-duality transformation with a B-field transformation, then we may have
XL(σ) transforming in the expected way, even if there is no isometry in X(σ), provided
there is B-field symmetry present. This is not a concrete prescription, but it suggests that
the formalism considered in this paper may admit more general notions of T-duality if
generalised to more interesting backgrounds.
As an application, consider T-duality of the T-fold along the X-direction, neglecting
the presence of C. We are therefore, somewhat artificially, elevating the variable X(σ)
along the base circle from a parameter that characterises the bundle (in the spirit of the
construction outlined in section 3.2.1) to a full quantum field. This pushes us out of the
realm of toy models that should in principle be part of a bona fide CFT and into somewhat
uncertain territory. Nonetheless, we shall press on. An automorphism with the duality
charge amounts to the exchange ∂X → −∂X, ∂̄X → ∂̄X. From the above, we shall assume
that X → X̃ (i.e. XL → −XL, where we mean XL at the enhanced symmetry point).
The resulting currents are
Jx = ∂X, J̄x = ∂̄X,
Jy = ∂Y +
1
2mX̃(∂Z + ∂̄Z), J̄y = ∂̄Y −
1
2mX̃(∂Z + ∂̄Z),
Jz = ∂Z −
1
2mX̃(∂Y + ∂̄Y ), J̄z = ∂̄Z +
1
2mX̃(∂Y + ∂̄Y ), (4.51)
and so the fields Zi and X i are
Zx = Πx, Zy = Πy, Zz = Πz,
X x = X ′, X y = Y ′ −mX̃Πz, X z = Z ′ +mX̃Πy.
(4.52)
These can be obtained by a T 2 bundle over the dual circle with AA(σ) = (e−NX̃)ABΠB(σ),


















The non-trivial commutation relations are then
[X x(σ),X z(σ′)] = −2πimδ(σ − σ′)Zy(σ′),
[X x(σ),X y(σ′)] = 2πimδ(σ − σ′)Zz(σ′),
[X z(σ),X y(σ′)] = −2πimδ(σ − σ′)Zx(σ′), (4.53)
and the central extension
[Zi(σ),X j(σ′)] = 2πiδ ji δ
′
σ′(σ − σ′). (4.54)
This is reminiscent of the expected R-flux algebra [6, 48]. To be clear, the above discussion
does not in any way provide a proof that the R-flux background is dual to the T-fold. It
does, however, demonstrate that this formalism gives rise to similar algebraic structures
seen in the supergravity [26, 43, 47, 49] and doubled geometry [6] discussions of such back-
grounds, assuming X(σ)→ X̃(σ). It also makes clearer the assumptions that are required
for such backgrounds to map into each other under T-duality, defined as an automorphism
of the operator algebra.
5 Relationship to the doubled formalism
Here we discuss the relationship of the formalisms presented here to the doubled formal-
ism [6].
5.1 The doubled formalisms
We start with the doubled torus bundle with fibre T 2d and a base with coordinate x ∼ x+1.
The coordinates in the fibre are written as XA = (za, z̃a). The doubled torus bundle over
a circle
T 2d ↪→ T → S1, (5.1)
with monodromy eN ∈ O(d, d), may be thought of as a 2d+1 dimensional twisted torus [5,
52, 53]. That is, a manifold that is locally a group G2d+1, but is globally of the form
T = G2d+1/Γ2d+1, where Γ2d+1 ⊂ G2d+1 is a discrete (cocompact) group acting from the
left such that T is compact. T is parallelisable and as such has globally defined, left-
invariant one forms
P x = dx, PA = (eNx)AB dXB. (5.2)
A metric on T is
ds2 = dx⊗ dx+MAB(x) dXA ⊗ dXB, (5.3)
where MAB(x) = (eNx)ACGCD(eN
T x)DB and GAB is the metric on the untwisted torus








and close to give the algebra

















If we compactify supergravity on T , the consistent truncation has gauge algebra which
includes
[TA, TB] = NABXx, [Zx, TA] = −NABTB. (5.6)
We see that (5.5) is a contraction of (5.6), where the missing generator is Xx = ∂/∂x̃
and is associated with B-field transformations with gauge parameter lying along the base
circle [6].
The algebra (5.6) may be realised as the isometry algebra of the twisted torus
G2d+2/Γ2d+2, where G2d+2 is a 2d+2 dimensional group and Γ2d+2 is a cocompact subgroup
of G2d+2 which acts from the left. The left-invariant one forms on G2d+2/Γ2d+2 are
P x = dx, Qx = dx̃+
1
2NABX
A dXB, PA = (eNx)AB dXB, (5.7)
and a natural metric on G2d+2/Γ2d+2 is given by
ds2 = dx⊗ dx+MAB(x) dXA ⊗ dXB +Qx ⊗Qx. (5.8)
We see that the metric depends on all of the coordinates of T (the XA in addition to the
base circle) except x̃. In particular, Qx may depend on all of the za and z̃a coordinates.
The isometry group of the 2d+2 dimensional twisted torus is generated by the vector fields




, Xx = ∂
∂x̃

























In some sense, the 2d + 1 dimensional twisted torus is less fundamental than the 2d + 2
dimensional construction, as the former arises, from the perspective of the underlying Lie
algebra, as a contraction of the latter. However, the route from the physical space to
T is intuitively very clear — the physical space, in any polarisation, is a torus bundle
with a given monodromy and the T encodes that monodromy geometrically. By contrast
Gd+2/Γ2d+2 does not follow in an obvious way from the physical construction, making it
difficult to generalise to non-parallelisable cases. Specifically, when considering the original
construction — a T 2 bundle over S1 with monodromy eN — it is far from obvious a priori
that the metric on Gd+2/Γ2d+2 will depend explicitly on the XA, whereas the metric on T
depends only on x and is determined by the monodromy.
5.2 Universal coordinate formalism
In the previous section we have seen that the natural objects that relate the Hamiltonian
of a given background to that of the background at an enhanced point involve only the
monodromy encoded in the Hamiltonian density
HIJ(X(σ)) = (Πx(σ))2 + (X ′(σ))2 +MABΠA(σ)ΠA(σ), (5.11)

























in the torus fibres and MAB(x) is the inverse of the metric in the fibres of T , which is
determined by the monodromy and depends only on the base coordinate x. The ΠI(σ)
obey the commutation relations
[ΠA(σ),ΠB(σ′)] = iLABδ′(σ − σ′), (5.13)
by virtue of the canonical commutation relations. The natural action of O(d, d) on the
coordinates and momenta of the T d fibres suggests the natural O(d, d) covariant objects
on the bundle29
AA(σ) = (e−NX(σ))ABΠB(σ). (5.14)




′))BDδ′(σ − σ′). (5.15)
Integrating by parts in σ and using the fact that LAB is invariant under the action of
e−NX(σ) gives
[AA(σ),AA(σ′)] = iLABδ′(σ − σ′)− iNABX ′(σ)δ(σ − σ′), (5.16)
where NAB = NACLCB = −NBA. Following the previous section, it is useful to split the
fibre fields as AA(σ) = (Za,X a) and similarly for the base circle. The only other non-trivial
commutator is [Πx(σ),AA(σ′)], which is easily evaluated to give the algebra
[AA(σ),AA(σ′)] = iLABδ′(σ − σ′)− iNABX (σ′)δ(σ − σ′),
[Zx(σ),AA(σ′)] = iNABAB(σ′)δ(σ − σ′), [X x(σ),AA(σ′)] = 0,
[X x(σ),Zx(σ′)] = iδ(σ − σ′). (5.17)
This is a central extension of the loop algebra based on the Lie algebra (5.6). The interesting
fact is that it arises in a very direct way from the intuitive torus bundle geometry. The
algebra may be written compactly as
[AM (σ),AN (σ′)] = iLMNδ′(σ − σ′)− itMNPAP (σ′)δ(σ − σ′), (5.18)
where txAB = NAB.

















5.3 Zero modes and geometry
The zero modes of the fibre fields are
X ′a(σ) = ωa + . . . , Πa(σ) = pa + . . . , (5.19)
where ωa is the (dimensionless) winding and pa is the (dimensionless) momentum zero
mode. The ellipsis denote terms with non-trivial σ-dependence. The coordinates conjugate
to these zero modes are z̃a and za respectively and we can write
X ′a(σ) = −i ∂
∂z̃a
+ . . . , Πa(σ) = −i
∂
∂za
+ . . . , (5.20)




+ . . . , Zx(σ) = −i
∂
∂x
+ . . . , X x(σ) = −i ∂
∂x̃
+ . . . .
(5.21)
Truncating to the zero modes (neglecting the + . . . terms) gives a set of vector fields that
generate the isometry algebra (5.5) with an additional U(1) factor corresponding to the
isometry around the dual circle with coordinate x̃. This is a contraction of the algebra (5.6).
It is interesting to see that it is the non-trivial σ-dependence that gives rise to the full
doubled algebra. Put another way, it is the extended nature of the string that takes us
from the algebra (5.5) that we might expect from particle mechanics on the geometry
T × S̃1 to the full doubled geometry corresponding to the algebra (5.6).
6 Beyond torus bundles
Our focus in this section is on seeing how the framework described in previous sections
might generalise to backgrounds that are not necessarily torus bundles. The character of
this section will be formal and rather speculative and we do not consider explicit examples,
although it would be interesting to do so and there is a clear connection with the flux
compactifications of [26, 49]. We do not need to worry about normal ordering issues and a
more careful treatment may alter the general scheme outlined here. We shall see that the
general algebraic structure that mirrors that of doubled geometry seems to emerge in very
general cases. The absence of a detailed understanding of worldsheet theories on such back-
grounds makes this section necessarily schematic. In particular, we do not consider normal
ordering issues that might arise or potential α′ corrections which would alter the form of
the Hamiltonian. We do find that algebraic structures reminiscent of (parallelisable) flux
compactifications of supergravity [26] emerge in this approximation; however, unlike those
cases, these constructions do not seem to be limited by the requirement that the doubled
geometry be locally a group manifold. They are perhaps more reminiscent of compactifi-
cations inspired by generalised complex geometry [54, 55] and its generalisations [56, 57].





















where the point po on the space of backgrounds B is an enhanced point. The generalised
metric may be written in terms of generalised vielbeins H(po) = E(po)ET (po) as in (3.27)
and SI(po;σ) = (Πi(σ), X ′i(σ))po .
The Hamiltonian density at a point p ∈ B could be given in terms of the generalised
metric
H(p) = U(p, po)H(po)UT (p, po), (6.2)








Since SI is taken to be a universal coordinate, SI(p;σ) = SI(po;σ), and so we can drop the
explicit p-dependence, and we have defined A(p) = S(po)U(p, po).
A polarization is a (maximally isotropic) choice of splitting S into Π and X ′. Similarly,





6.1 Flux compactification on a twisted torus
To begin, we consider the example, familiar from many supergravity constructions, of a
constant H-flux on a parallelisable30 background. Consider a background that is generated





where e ∈ SL(d). If the reference background is the identity, then the metric and B-field
for this background are
gij = δabeaiebj , B =
1
2Bij dx
i ∧ dxj . (6.5)
The twisted torus with constant flux is a simple example of such a background. Let us
take, at the point p, the metric and H-field to be
ds2 = δmnem ⊗ en, H =
1
6Kmnpe
m ∧ en ∧ ep, (6.6)
where em = emi dxi is a left-invariant one-form for the group manifold G with structure
constants fmnp = −f pnm , i.e.
dem + 12fnp
men ∧ ep = 0. (6.7)
The condition dH = 0 then requires K[mn|pf|qt]p = 0 [49].


















6.1.1 The doubled algebra





, X a(σ) = eaiX ′i(σ), (6.8)







, X a(σ) = eaiX ′i(σ). (6.9)
Using the canonical commutation relations, we have the algebra (details of the calculations
in appendix C)
[Za(σ),Zb(σ′)] = −fabcZc(σ′)2πiδ(σ − σ′)−KabcX c(σ′)2πiδ(σ − σ′),
[Za(σ),X b(σ′)] = facbX c(σ′)2πiδ(σ − σ′) + δba2πiδ′(σ − σ′),
[X a(σ),X b(σ′)] = 0, (6.10)
which is of the form (4.28).
We next verify here that the algebras that we work with are indeed associative. We
also discuss generalisations of the above to (non-constant) structure functions, and we show
that, at least for geometric flux compactifications, associativity is preserved.
We compute (details in appendix C)




ad Ze(σ′′) + f dbc KadeX e(σ′′)
− f dae KbcdX e(σ′′)
)
+ 4π2δ′(σ − σ′′)δ(σ′ − σ′′)Kbcdδda. (6.11)
Now we now sum over cyclic permutations. Care must be taken as we are also moving
around the σ, σ′, σ′′ dependence. In the first term, this doesn’t matter since the delta
functions are only supported on σ = σ′ = σ′′, so we can just antisymmetrise on the indices
a, b, c without any issues. However, for the second term, since there is a derivative of a
delta function and the contributing terms do not appear on the same footing, we have to




[Za(σ), [Zb(σ′),Zc(σ′′)]] + cyclic
)











δ′(σ − σ′′)δ(σ′ − σ′′) + δ′(σ′ − σ)δ(σ′′ − σ) + δ′(σ′′ − σ′)δ(σ − σ′)
)
. (6.12)
The last line here vanishes by delta function manipulations. In order to establish that the
other terms vanish, we compute the constraints that arise from d2em = 0 and the fact that
dH = 0. Taking the exterior derivative of (6.7) gives f ab[c f
b
de] = 0. Similarly, dH = 0
gives Ka[bcf ade] = 0. Taken together, these two constraints tell us that the right hand side
of (6.12) vanishes.
Since the X a commute with each other, the only other case we have to consider is

















We find that, after a short calculation,






− 4π2δ′(σ′ − σ)δ(σ′′ − σ)f acb . (6.14)
When we add the cyclic permutations, the first term will vanish by the Maurer Cartan
equation constraint (6.7). The second term vanishes by delta function manipulations, as
with the previous case. Thus, we find that
[X a(σ), [Zb(σ′),Zc(σ′′)]] + [Zb(σ′), [Zc(σ′′),X a(σ)]] + [Zc(σ′′), [X a(σ),Zb(σ′)]] = 0, (6.15)
and so the algebra is indeed associative.
6.2 From structure constants to structure functions
We would like to see how far we can generalise this, and in particular we would like to see if
we can relax the condition that fabc and Kabc are constant and allow them to be functions
fab
c → fabc(X), Kabc → Kabc(X). (6.16)
In particular, we take gij and Bij to be general (we assume the metric is torsion-free). It is
fairly easy to see that the algebra will still go through without any problems. This is essen-
tially because there are no derivatives of f or K in the derivation of the algebra. However,
where there might be problems is associativity. Since associators have nested commutators,
we do have derivatives of f and K appearing. However, we will find that the algebra is
in fact still associative. This is in contrast to the doubled geometry construction, where
the group structure plays a prominent role. However, we suspect a formal generalisation
of doubled geometry along similar lines is possible. Imposing the self-duality constraint
there might require gauging an algebroid structure along the lines of [58] and we shall not
comment on this further here.
Firstly, we should derive the modified constraints that now arise from the Maurer-














cd] = 0. (6.17)
How does this alter the calculations checking associativity? Essentially, there are two
changes to consider: the explicit derivatives of f and K, and the changes to the δ′ terms
(which are themselves a result of the σ dependence of f and K). For example, we now have




ad Ze(σ′′) + f dbc KadeX e(σ′′)
−f dae KbcdX e(σ′′) + e ia ∂if dbc Zd(σ′′) + e ia ∂iKbceX e(σ′′)
}
+ 4π2δ′(σ − σ′′)δ(σ′ − σ′′)Kbcd(σ′′)δda. (6.18)
The new terms are the last two terms in the braces. Now, when we antisymmetrise this,

















braces. This is because the K now has σ′′ dependence. We can write this term as





− δ(σ − σ′′)δ(σ′ − σ′′)K ′abc(σ′′)
= −δ′(σ − σ′′)δ(σ′ − σ′′)Kabc(σ)
− δ(σ − σ′′)δ(σ′ − σ′′)X ′i∂iKabc(σ′′). (6.19)





δ′(σ − σ′′)δ(σ′ − σ′′) + δ′(σ′ − σ)δ(σ′′ − σ) + δ′(σ′′ − σ′)δ(σ − σ′)
)
+ 4π2δ(σ − σ′′)δ(σ′ − σ′′)16e
i
e ∂iKabcX e(σ′′)
= 4π2δ(σ − σ′′)δ(σ′ − σ′′)13e
i
e ∂iKabcX e(σ′′), (6.20)
the first term vanishing as in the constant case. We will see that the remaining term con-
tributes in such a way as to ensure associativity. The full expression can now be written as





′′)− 2Kd[eaf dbc] X
e(σ′′)
− e i[a ∂if
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bc] Zd(σ







and we can write the last two terms in this expression as
− e i[a ∂iKbc]eX
e(σ′′) + 13e
i












′′)− 2Kd[eaf dbc] X
e(σ′′)









where we notice that the expressions in the braces are precisely the constraints imposed
by the equations (6.17) and therefore vanish. The calculation of [Z, [Z,X ]] also works
out in a similar, though slightly simpler, way. Thus, we conclude that the algebra is still
associative even if fabc and Kabc are not constant.
6.3 A comment on associativity of the R-flux background
In this section we have focused only on geometric flux compactifications because this is
the simplest case to approach in the general setting which we have laid out. It would be
interesting to extended to include other, possibly non-geometric, backgrounds but we have
not considered this here. For the specific case of the R-flux background discussed earlier,

















is indeed associative. The details are similar to those given in appendix C. There has been
much discussion of the R-flux background giving rise to a non-associative structure31 but
we find no sign of any such structure in our construction.
7 Discussion
Our aim in this article was to provide a framework in which to discuss T-duality in a wide
range of cases that did not rely solely on questions of the existence of isometries of the target
space theory. One motivation for a different approach is the desire to better understand
under what conditions a T-dual description of a background exists, given that there are
cases where global isometries are not a feature of the background yet something akin to T-
duality appears possible. Another motivation was to reframe and place in a contemporary
setting the operator algebra arguments around stringy symmetries which appeared in the
older literature [9, 11]. That this approach provides a language to discuss T-duality that
is not reliant on target space concepts is particularly appealing. To this end we clarified
some of the issues surrounding the operator approach to T-duality that were not, to our
knowledge, addressed in the older literature. In particular, the non-uniqueness of the
T-duality charge and the role isometries played in simplifying the discussion were clarified.
We sketched out a general framework in which issues of T-duality rest on the con-
struction of a connection and a path γ ⊂ B between a background of enhanced symmetry,
in which the duality is manifest, and the background in question. This combines the
ideas of [9, 10] with the studies of connections on the space of string backgrounds given
in [16, 20, 21]. For on-shell considerations, the connection is on the state space of CFTs,
but this can be generalised to more general sigma models. From a string field theory
perspective, this provides a way of discussing off-shell physics. This provides a different
starting point for T-duality than the traditional Buscher construction and one that may
admit concrete discussions of non-isometric generalisation from the perspective of the full
worldsheet quantum theory. A concrete universal proposal would rest on the availability
of a definition of what the space B, that the connection defines a parallel transport over,
is. Limiting ourselves to the space of CFTs clarifies the problem somewhat, but possibly at
the expense of ruling out much of what makes the Buscher procedure so useful — the fact
that one can apply it to general sigma models without limiting to exact string backgrounds,
few of which are known explicitly.
Concrete (off-shell) torus bundle examples were studied. The question of whether
the theories are genuinely T-dual rests on the issue of whether the charge is preserved
by the Hamiltonian. Non-geometric backgrounds were included. The T-fold considered
emerged naturally in this formalism, whereas the ‘R-flux’ background seemed problematic.
Specifically, the issue of how X(σ) transforms was discussed and it was found that the
simple X(σ)→ X̃(σ) transformation may not be too naive. It would be good to study this
issue in the context of an exact solution (or to leading order in α′), as is discussed in [36–
38] or more recently the class of backgrounds found in [34, 64]. As a simpler and more
tractable case, it would be interesting to study the duality on orbifolds where some part

















of the enhanced gauge symmetry is broken by the orbifold action. Again, this might give
more perspective on Mirror symmetry in K3 and Calabi-Yau manifolds via their orbifold
limits. For similar reasons, it would be interesting to see to what extent the construction
considered here could be generalised to torus bundles with degenerating fibres.
Somewhat surprisingly, the doubled algebra was shown to arise from the zero modes
of the commutation relations of the torus bundle directly, where the central extensions
played an important role. The doubled geometry arose in this context as an effective clas-
sical description of the quantum theory. The distinction between the doubled geometry
of [6] and the centrally extended algebras that appeared here is subtle and deserves further
investigation. Similarly, it would be interesting to know what significance the algebras
discussed in section 6 have. They are clearly related to the parallelizable flux compactifi-
cations [26, 49], but may have wider applicability. In the same way that the contraction of
the doubled algebra generated by the vector fields (5.10) arose from the zero modes of the
operator algebra (5.18), it would be interesting to see if there are non-parallelisable cases
where the operator algebra of section 6.2 can be used to find a concrete proposal for the
corresponding doubled geometry.
Another interesting direction is further investigation of non-abelian T-duality [65, 66].
It would be interesting to see whether, using the formalism in this paper, the status of non-
abelian T-duality could be further clarified. The perspective that the enhanced symmetry
group should have some off-shell significance and is broken by a choice of vacuum may be
useful here. In the cases we have considered, torus bundles — for which the action of the
unbroken Z2 symmetry is clear — play a central role. To make progress on the general
question of non-abelian duality from the perspective advocated here, one would need a
better understanding of the relationship, if any, between the enhanced symmetry group
and the non-abelian isometries of the target space.
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A Vertex operators and WZW
The following sections contain some comments and observations that may be known but,
to our knowledge, have not appeared in the literature.
A.1 More general operators
In this section we extend the results of previous sections to more general operators with
a particular focus on those operators which may be thought of as the building blocks of
vertex operators. Of particular interest are the vertex operators, for which we shall need
a better understanding of how operators eik·X and ∂nXµ transform under the particular
automorphism in question for general kµ and n. In general, the action of an SU(2) auto-

















other operators of the same weight. In particular, though the transformation of ∂XL(z) is
straightforward, the transformation of XL(z) is anything but (see section 4.4), and so the
transformation of operators of the form einXL(z) needs careful consideration. We will use
OPEs instead of commutation relations here as they are easier to work with for exponential
calculations. Therefore, we will need to use Euclidean signature.
The transformation of ∂nX was given in (2.40) and was straightforward to deduce. As
mentioned earlier, [9] compute the transformation of exponentials using a point-splitting
argument, but we will take an inductive approach.
The transformation of e2iXL(z) under the T-duality automorphism was considered in
section 2. In order to better understand the transformation of einXL(z) for n ∈ Z, let us
next look at the transformation of eiXL(z). Using the OPE (2.38), we have
[Q, eiXL(w)] = π2 e




where the notation for nested commutators is given in (4.44). There is a clear repeating
pattern, oscillating between eiX and e−iX , and it is not hard to guess the general term.
Thus, we obtain the result
eiQeiXL(z)e−iQ = ie−iXL(z). (A.2)
This transformation seems at odds with the general expectation XL(z) → −XL(z) that
we have seen in the massless vertex operators, suggesting instead XL(z)→ −XL(z) + π/2






We see that, in the n odd case, there is an extra factor of i compared to expectations. It is
in fact not the case that we can simply look at transformations such as (A.3) and deduce
a transformation of XL. We can prove (A.3) via an inductive argument, which goes as








Then, the first step is to show that
A±n = En ±On, (A.5)
where En is even under T-duality and On is odd. We can prove this via induction. We
have:
A+n = 2i∂XA+n−1 + ∂A
+
n−1
= 2i∂X(En−1 +On−1) + ∂En−1 + ∂On−1


















En = 2i∂XOn−1 + ∂En−1, (A.7)
On = 2i∂XEn−1 + ∂On−1. (A.8)
Doing the same for A−n , we find that
A−n = En −On, (A.9)
as required. Finally, we note that the result is clearly true for n = 1, and hence we have
proven (A.5).




































= 12(n−1)! (En(w)cos((n−2)XL(w))− iOn(w)sin((n−2)XL(w))) . (A.10)
Now, what we are leading up to is the result
cos(nXL)→
{





−i sin(nXL), n odd
− sin(nXL), n even,
(A.12)
which is equivalent to (A.3). Once again, we will use induction, this time via (A.10). First,
note that
[Q, eiQPe−iQ] = eiQ[Q,P ]e−iQ, (A.13)
where P is any operator. Using this in (A.10) with the known transformations of En, On and
the induction hypothesis on cos((n−2)XL), sin((n−2)XL) (i.e. the r.h.s. of (A.10)), we de-
duce that (A.11) is indeed true (we’ve already shown that it is true for n = 1, 2). The same
process leads to the proof of (A.12), and hence we have shown that (A.3) is true, as required.
Note that we could also do exactly the same with the sine charge and it would just






2 e−niXL , n odd,
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2 i sin(nXL), n odd,
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2 i cos(nXL), n odd,
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We can see that, as opposed to the cosine charge, we have sines and cosines transforming
into each other. However, as we saw in 2.5, it doesn’t matter which charge we use since
they are equivalent up to U(1) gauge transformations.
A.2 The WZW formulation
To better understand what is going on, we turn to the WZW formulation of the model at
the self-dual radius.
We can formulate the T-duality of circle compactifications at the SDR using the SU(2)
WZW model. The massless (1, 0) currents define a level 1 ŝu(2) affine lie algebra. If we
define
J1 = cos(2XL), J2 = sin(2XL), J3 = i∂X, (A.17)






These obey the level 1 current algebra















or J20 for the sine charge. It can then be verified that the effect of the charge on the modes
J i(z)→ eiQJ i(z)e−iQ is
J1n → J1n, J2n → −J2n, J3n → −J3n. (A.21)
This should reproduce all of the T-duality transformation results that we derived earlier.
We will verify this using the states corresponding to the relevant vertex operators. The
states at level 1 can be constructed from the highest weight states with level 1 by acting
on them with the modes J in, n < 0 (note that the level of a weight in the case of SU(2) is
given by the sum of its Dynkin labels). The states that are generated from a single highest
weight state |λ〉 form the irreducible module Lλ. In the case of SU(2), it turns out that
there are 2 such modules, L[1,0] and L[0,1], where the subscripts are the Dynkin labels of
the corresponding highest weight states (see [67] for a review). We start with the module
L[1,0], for which the highest weight state is simply the vacuum. The generic state is then
|λ′〉 = J i−n . . . J
j
−m|0〉. (A.22)
For the L[0,1] module, the highest weight state is |0′〉 := eiXL(0)|0〉, and the generic state is



















Note that, from the point of view of the WZW model, it is clear to see that each mass
level has either “odd” or “even” exponentials, but not both (i.e. einXL where n is odd or
even). The vertex operators with odd and even exponentials belong to different modules,
so they don’t mix under the action of SU(2). It is only via the WZW formulation that this
becomes clear. In particular, the action of T-duality on one of these states is
eiQJ i−n . . . J
j




where |λ〉 is one of the highest weight states. If we recall also that, under T-duality with
the cosine charge,
eiXL → ie−iXL , (A.25)
we see that the action of T-duality simply amounts to sign changes and the possible factor
of i coming from the transformation of the |0′〉 state,
e−iQ|0′〉 = i|0′〉. (A.26)
There is no mixing between the two modules.32 This can also be seen from the fact that
the states at each grade (i.e. each conformal dimension) form representations of SU(2).
A.3 An example
Let’s now look at a specific example to see explicitly the equivalence between these two
formulations of the bosonic string at the SDR. We will look at the case of the operators
∂2X(z), ∂X(z)∂X(z), ∂X(z)e±2iXL(z), (A.29)
which are used to build massive vertex operators. We can order these by their eigenvalues
of J30 =
∮
J3. The state with the largest eigenvalue is the highest weight state, and we can
obtain all other states by acting with J−0 =
∮
J−. For example, we have
[J30 , ∂X(w)e2iXL(w)] = ∂X(w)e2iXL(w), (A.30)
i.e. the J30 eigenvalue is +1 in this case. Repeating for the other states, we find that the
eigenvalues for ∂2X, ∂X2, ∂Xe−2iXL are 0, 0,−1 respectively. Thus, ∂Xe2iXL corresponds
to the highest weight state. Acting with J−0 , we obtain
[J−0 , ∂X(w)e2iXL(w)] =
∮
dzJ−(z)∂X(w)e2iXL(w) = ∂2X(w). (A.31)
32We can also write
eiXL |0〉 → ie−iXL |0〉 = iJ−0 e
iXL |0〉, (A.27)
where J± = J1 ± iJ2, and we can expand J− to get







eiXL : |0〉 z→0−−−→ iJ−−1e
ixL |0〉, (A.28)
where xL = 12 (x − x̃), and we have used the fact that the normal ordering means we don’t have to worry

















Similarly, lowering again gives ∂Xe−2iXL . Thus, these three states are in a triplet of SU(2)
and ∂X2 is in a singlet. We can also determine the action of T-duality straightforwardly us-
ing the state-operator correspondence. The states corresponding to the above operators are
∂X(z)e±2iXL(z) ↔ J3−1J±−1|0〉 ≡ |2,±1〉(2), (A.32)
∂2X(z)↔ J−−2|0〉 ≡ |2, 0〉(2), (A.33)
∂X2(z)↔ J3−1J3−1|0〉 ≡ |2, 1〉(0), (A.34)
where the numerical labels are, respectively, the L0 eigenvalue, the J30 eigenvalue and the
SU(2) representation, and normal ordering is implicit. By direct calculation or by using
the action of T-duality on the modes given in (A.21), we see that the states transform in
exactly the same way as the operators would imply, i.e. we recover the transformation
∂2X → −∂2X, ∂X2 → ∂X2, ∂Xe±2iXL → −∂Xe∓2iXL . (A.35)
B Elliptic monodromy
We present an example of a simple torus bundle with a geometric twist over the base circle




























Then, the generators of the algebra are given by
Za = (e−fX) ba Πb =













X a = (efTX)abX ′b =














Zx = Πx, X x = X ′. (B.4)
























































































where in the third line we have “integrated by parts”. We write the final line in such a way
as to make explicit the expected algebra of the elliptic monodromy. The other commutators
follow similarly and we thus obtain the full doubled algebra






























and the central extension
[Zi(σ),X j(σ′)] = 2πiδji δ
′(σ − σ′), (B.7)
agreeing with the doubled geometry [6]. This background is interesting because it is a
genuine string theory background that can be obtained from the supergravity construction
as a minimum of the potential [43]. Normally, such minima only satisfy the supergravity
equations of motion, but in this case the minimum is equivalent to a toroidal orbifold and
is therefore a solution of the full string theory equations of motion.
C Details of commutation relations in section 6
We present here the details of the calculations of the commutation relations of the doubled
algebra and the associators in 6.1. We considered there the most general geometric flux
compactifications.
C.1 Commutation relations
We compute the commutation relations of the generators (6.8). Firstly, for the “[Z,Z]”
commutators, we have
[Za(σ),Zb(σ′)] = [e ia (σ)(Πi(σ)−Bij(σ)X ′j(σ)), e kb (σ′)(Πk(σ′)−Bkl(σ′)X ′l(σ′))]
= e kb (σ′)∂ke ia (σ)e ei (σ)Ze(σ)2πiδ(σ − σ′)
− e ia (σ)∂ie kb (σ′)e ek (σ′)Ze(σ′)2πiδ(σ − σ′)
+ 2πiδ(σ − σ′)e ia (σ)e kb (σ′)X ′j(σ′)(−∂iBjk − ∂kBij − ∂jBki)




j] Zc(σ)2πiδ(σ − σ
′)
− 2πiδ(σ − σ′)(KabcX c(σ′))
= −f cabZc(σ)2πiδ(σ − σ′)−KabcX c(σ′)2πiδ(σ − σ′), (C.1)

















Next, for the “[Z,X ]” commutators, we have





= −e ia (σ)∂iebk(σ′)X ′k(σ′)2πiδ(σ − σ′) + e ia (σ)ebi(σ′)2πiδ′(σ − σ′)
= −e ia (σ)∂iebk(σ′)X ′k(σ′)2πiδ(σ − σ′)
+ e ia (σ)
(
ebi(σ) + (σ′ − σ)ebi
′(σ) +O((σ − σ′)2)
)
2πiδ′(σ − σ′)
= f bacX c(σ)2πiδ(σ − σ′) + δba2πiδ′(σ − σ′) +O((σ − σ′)2), (C.2)
where the higher order terms are proportional to (for n ≥ 2)

















(σ)mδ′(σ − σ′) +m(σ)m−1δ(σ − σ′)
]
= (σ − σ)nδ′(σ − σ′) + n(σ − σ)n−1δ(σ − σ′) = 0, (C.3)
and so
[Za(σ),X b(σ′)] = f bacX c(σ)2πiδ(σ − σ′) + δ ba 2πiδ′(σ − σ′). (C.4)
The final “[X ,X ] = 0” commutator follows trivially. We thus obtain the algebra (6.10), as
claimed.
C.2 Associativity
Here we verify the nested commutators (6.11) and (6.14) required to compute the associa-
tors. For “[Z, [Z,Z]]”, we have
[Za(σ), [Zb(σ′),Zc(σ′′)]] = [Za(σ),−f dbc Zd(σ′′)−KbcdX d(σ′′)]2πiδ(σ′ − σ′′)




ad Ze(σ′′) + f dbc KadeX e(σ′′)
−f dae KbcdX e(σ′′)
}
+ 4π2δ′(σ − σ′′)δ(σ′ − σ′′)Kbcdδda, (C.5)
as claimed. Note that, after (6.12), it is claimed that the central extension terms vanish
when we add the cyclic permutations via delta function manipulations. Specifically, we use
δ′(σ − σ′′)δ(σ′ − σ′′) = ∂σ
(




δ(σ′ − σ)δ(σ′′ − σ)
)
= δ′(σ − σ′)δ(σ′′ − σ) + δ(σ − σ′)δ′(σ − σ′′). (C.6)
Substituting this into (6.12), we see that the central extension term does indeed vanish.
For the “[Z, [Z,X ]]” nested commutator, we have
[Zb(σ′), [Zc(σ′′),X a(σ)]] = [Zb(σ′), f acd X d(σ)2πiδ(σ′′ − σ) + δac 2πiδ′(σ′′ − σ)]






+ 4π2δ′(σ − σ′)δ(σ′′ − σ)f acb . (C.7)
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